LINE ELEMENT FIELDS ON MANIFOLDS

BY
W. S. MASSEY AND R. H. SZCZARBA()

Introduction. The purpose of this note is to investigate the characteristic
classes of manifolds admitting line element fields. Our main result, stated in
§1, asserts that, if a compact n-dimensional manifold has k independent line
element fields, then the characteristic classes can be expressed in terms of
lower dimensional elements. In particular, if k=7, the Stiefel-Whitney classes
are expressible as elementary symmetric functions of one dimensional classes
and the Pontrjagin classes as elementary symmetric functions of the Bock-
steins of these one dimensional classes. In §3, we give necessary and sufficient
conditions that an orientable four dimensional manifold have four inde-
pendent line element fields. As an application, we give an example of a four-
dimensional non-parallelizable orientable manifold with four independent line
element fields.

1. The main theorems. Let O(n) denote the orthogonal group of nXn
matrices, SO(n) CO(n) the special orthogonal group, and @(n), S@(n) the
subgroups of diagonal matrices in O(n), SO(n) respectively. Clearly @(n)
~Zj3and SQ(n) ~Z3™'.

For each integer k, 0 <k =#, we define a subgroup G (k) CO(n) to consist
of all matrices of the form

y:| 0

€1

0 . 0

€k

where AEO(n—k) and e;=+1, 1=5i<k. Let SG(k)=G(k)NSO(n) and
F. = O(n)/G(k) = SO(n)/SG(k). Clearly G(k) =~ O(n — k) X Zi, SG(k)
~O(n—Fk)X 2!, and both G(k) and SG(k) act on Fy.

Some other notation we will use is as follows. For any fiber bundle
¢{=(E, 7, B) with fiber F and group O(n), w;({) EH/(B; Z,), 1 £j<n, will de-
note the jth Stiefel-Whitney class of ¢, p;() EH*(B; Z), 1<j<n/2, the jth
Pontrjagin class of ¢, and, if { is orientable, x({)EH"(B; Z) the Euler-
Poincaré class of {. For any compact n-dimensional manifold M, w;(M),
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1=5j=<n, p;(M),15j=<n/4, and, if M is orientable, x(M) will denote the cor-

responding classes of the tangent bundle of M. Further, o,(xy, - - -, x,) will
denote the rth elementary symmetric function of x4, - .., x, with
ao(xy, + ¢, %a) =1, 0(x1, - -+, %,) =0 if » <0 or r>n. Finally, for any space

X, 6*: HY(X; Zy)—H*(X; Z) will denote the Bockstein homomorphism.

THEOREM A, Let { = (E, m, B) be a fiber bundle with fiber F, and group O(n).
Then, if ¢ has a cross section, there exist elements xi, - - -, xxEHY(B; Z,),
u;EHI(B; Z,), 1=j=n—k, and v,CH*(B; Z), 1Sj<n—Fk/2, such that
(1.1) w,(§) = 2 wios(m, - - -, m), 1=g¢=n,

+i=q
(1.2) p,6) = X2 {vion;(0*xs, - - -, 8*m)
+i=q
+ [(8*142.')2 + 5*“11).']0’2,'_.1(5*:51, crty, 6*x,,)}, 1= q b n/2.
Furthermore, if ¢ is orientable(?),

(1.3) nx(§) = &*waa().

Let M be a compact n-dimensional manifold with tangent bundle 7(M).
It is obvious that M has k independent line element fields if and only if the
bundle with fiber F; associated with 7(M) has a cross section. Thus we have

COROLLARY 1. Let M be a compact n-dimensional manifold. Then, if M has
k independent line element fields, there exist elements xy, - - -, x, EH (M ; Z,),
w;CHI(M; Z,), 1Sj<n—k, and v;EHY(M; Z), 1 Sj<n—Fk/4, such that
(1.4) we(M) = 25 wioj(xy, - -, @), 1=¢=mn,
i+i=q
(1.5) PG(M) = Z {vwz,-(a*x,, <, 8*ay)
+i=q
+ [(*u20)? + *uwilooia(*xy, - - -, 1)}, 1= ¢S /4
Furthermore, if M is orientable(®), x(M)=0.
The first two statements of Corollary 1 are immediate from Theorem A.
The last follows from the fact that 2nx (M) =0 but H*(M; Z) is torsion free.
In particular, if M has » independent line element fields, we say that M
is line element parallelizable and we have

COROLLARY 2. If M is line element parallelizable, there are elements
X1+, %, EHW(M; Z,) such that

(1.6) wq(M) = o'q(xh Cey %), 1=g=mn,
(1.7) PQ(M) = 029(6*x1’ IR 6*x”)) 1=¢= ”/4'

(?) Note that, for #n odd, one always has x({) =8*wa1({) so (1.3) is redundant in this case.
(?) The fact that the Euler-Poincaré class of an orientable manifold admitting a line element
field is zero follows from Samelson [6] or Marcus [4].
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Furthermore, if M 1is orientable, x(M)=0.

REMARK 1. We note that, although (1.6) does follow from Theorem A,
it is in fact a trivial consequence of Borel’s work [1].

REMARK 2. We give an interpretation to the x, - - -, x; of Theorem A, as
follows. Let { = (E, #, B) be the bundle with fiber O(n)/O(k) associated with
¢. It is easily seen that we can choose E to be a covering of E with group
Z3. Then, if f: BoE is a cross section in ¢, (x1, - - -, xx) EHYB; Z))® - - -
® H'(B; Z;) ~H(B; Z3) can be identified with the obstruction to lifting f to
a cross section f: B—E of {.

2. Proof of Theorem A. Suppose Bo, is the classifying space for O(n) and
¢: B> B the classifying map for the principal bundle associated with ¢.
Then { is induced by ¢ from the bundle a: Bgg)y—Bow (o induced by the
inclusion map G(k) CO(n)) and ¢ has a cross section if and only if there is a
map f: B—>Bgu) such that af~¢.

Let w,€H(Bowy; Z5), 1 <1<mn, be the universal Stiefel-Whitney classes
and p;EH*(Bowy; Z), 1=1=n/2, the universal Pontrjagin classes. Let
'If),'EHi(BG(k); Zz), 1=:=n—k, and f,'EH“(BG(k); Z), 1§z§n—k/2, be the
images of the universal classes under the map H*(Bgn—r)) —H*(Bgw) induced
by the projection G(k)—O(n—k). Further, let v, - - -, }wEH(Bguy; Z2) be
the images of the generators (described by Borel [1]) of H!(Bgu); Z2) under
the map H'(Bgw); Z:)—H'(Bgw; Z:) induced by the projection G(k)—@(k).
Define x;=f*y;, 1=¢<k, u;=f*w;, 1 <1<n—*k, and v;=f*p;, 1 <i<n—k/2.
We now show that these elements satisfy the conditions of Theorem A. We
first verify condition (1.1). Since w,({) =¢*w,=f*a*w,, (1.1) can be rewritten

fka*wq =f*z Zbiai(yh R} y"-k)'
i+i=q
We in fact show that a*w,= D iyjmq B0j(y1, * * * , Yaok).
Consider the composite
* *

o B
H(Bon); Z2) — H¥(Bg @); Z2) — HY(Bgn); Zv)

where o and 8 are induced by the inclusion maps G, CO(n) and @(n) CG(k).
Borel [1] has shown that a* and 8* are 1-1 and that there are generators
21, + + +, 2, of H'(Bguy; 2Z2) such that B*a*w,=0c4(2, + - -, 2,). Furthermore,
it is easily seen that z;, + - « , 2, can be chosen so that 8*@;,=0i(21, * * * , Zn—t),
1<i<n—Fk,and B*y;=2,4yj, 1Sj=<k. Then

ﬂ*Z Bigi(y1, * + +, W) = Z 031+ * *y Bnt) 0/ (Fnka1, 5 Zn)

+i=q +i=¢
which, by a well known identity, is ¢4(21, « - -, 2.). Thus

B*D Wiy, c -+, M) = Bratw,

i+jm=g
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and since B* is 1-1, the result is proved.
By a similar argument, (1.2) follows from the identity

*p, = 0o (0%yy, + - -, O*
@.1) a*pq ;ﬂz_q{ﬁ%( y1, Vi)

+ [(@*®2:)? + 8*d1:]oa;a(8*yy, + - -, 8*9) }

which we now prove.
Consider the diagram

B*
H(Bgw); Z) — HY(Bg); Z)
a . lr

H(BGg); Z;) — HY(Bg); Z:)

where 7 is reduction mod 2. Since 2H%(Bg,; Z) =0, it follows from the Bock-
stein exact sequence that 7: H¥(Bg,; Z)—>H%(Bgu; 2Z:) is 1-1. We denote
the right side of (2.1) by M, and compute 78* M, Note first of all that

'ﬂ*53i=ﬁ*’6*yi=/3*S;yi=6*y§, rB*w;=0i(21, - + +, 2a—x), and rB*p;=P*r},
=B* '2 =U1j(zly Y zn—k)2 SO

1
fﬂ*Ma = Z {Uzi(zl, ity Zn—k)tfzj(zn—k+1, trt, Zn) + [SqO'Zi(zly Ct ity zn-k)
+j=q
+ Ul(zl) Tty Zn—k)a'ﬁ(zl; Tty zﬂ—k)]aﬂf—l(zn—’ﬁ-l’ tre ,z”)}Z

But, (for example, see [1, p. 181])

1
Sqdzi(zl, ttty, Znk) + 01(21, ctt, zn-—k)a'h'(zl, try, zn—k) = ‘72£+l(zl; e ,Zu—k)

so we have

2
8*M, = [ 2 i3, c cy Enk) 0 (Fnckpry ¢ ',zn):l

i+j=2g
= 0'201(517 Y ""ﬂ)2

= rB*a*p,.
Thus rB*(a*p,— M,) =B*r(a*p,— M ) =0 and since
ﬁ*: H“(BQ()‘)ZZz)—)H“(BQ(,,); Zz) is 1-1, f(a*ﬁq - Mq) = 0.

Furthermore, if @ denotes the rational numbers and 7: H*(Bgy; 2)
—H*(Bgu; @) is induced by the inclusion ZC @, we see that

{Tﬁq’ g=n-— k/2
™, =
0, g>n—k/2,

and, as is well known,
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Tﬁcr q =n- k/zy
Ta*py =
0, g>n—k/2.

Thus 7(a*p—M,) =0, r(a*p,—M,) =0, and, since the only torsion in
H*(Bgu; Z) is of order 2, a*p,= M, (see [5, p. 112]).

We now prove that (1.3) holds. Let v: Bsom—Bo denote the map in-
duced by the inclusion SO(n) CO(n). Since ¢ is orientable, the associated
principal bundle is induced by a map ¢: B—Bgo(, with y¢=¢. In fact, { is
induced by ¢ from the bundle a&: Bsgy—Bsom and, since { has a cross
section, there is a map f: B—Bgsga such that the following diagram is com-
mutative,

BSG(Ic)——_')BG(Ic)

N’ s

é

BSO(n)-——-—DBO(ﬂ)

The maps «, &, v, ¥ are induced by inclusions.
Now, let w;, $;, §; be the images of ®;, $;, y; under the map ¥v*: H*(Bgw)
—H*(Bscw)-

LEMMA 1. If x€EH"(Bsow; Z) is the universal Euler-Poincaré class, then
a*nx =6 Y, wo;(Gy, - -, B

+j=n—1

Proof. We prove this lemma by showing that

(2.2) ra*nx = r6* 3. oGy, , )
t4j=n—1

and

(23) T&*"X = 78* Z wt'ai()-’h Ct }-’k)
t4jmn—1

where 7 and 7 are as above. Thus
Brra*ny = rB*a*nx
= non(Z1, * - -, Zn)
and
Bt 3 WGy s 98 = Saaa(y, - vy Bn)
ijmn—1

= 0'1(21; MY §n)a',._1(21, T, 2,,) + ”Un(zly tt §,,),
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But o1(z1, - - -, 2,) =0 so, since 8* is 1-1,

ra*nyx = r8* D, Wiy, - -, Te).
t+j=n—1

To prove that (2.3) holds, we need only show that ra*sx =0 since 76*=0.

If nis odd, 2x=0 so rx=0. If n is even, we consider the following diagram.

=%

o
H*(BsG ¢); @) «———H*(Bsom); @)

P A

Tx ™

A p
H*(Bo(nt); @) «———H*(Bo(n-1); @) — = H*(Bsow-1; @)

All maps are defined by the obvious inclusions. Clearly 5* is an isomorphism
and, since n—1 is odd, p* is an isomorphism [2, p. 105]. Furthermore, it is
well known that p*x =0 so N*x=0. But then, p*a*y = A*\*x=0 so a*x=0
and ra*nx=na*rx=0. Thus

nx(¢) = $*nx = Pra*x
= .7*6* Z Wioi(J1, « - - y i)

i+j=n—1

=8 X woi(xy, -, m)

i+j=n—1
= 6*20,,_1({) .

3. Orientable four-manifolds. In this section, we prove that the conditions
of Corollary 1.3 are in fact necessary and sufficient for the line element paral-
lelizability of compact orientable four dimensional manifolds. We apply this
result to give an example of a four dimensional compact orientable manifold
which is line element parallelizable but not parallelizable(4).

THEOREM B. Let M be a compact orientable four dimensional manifold.
Then, M is line element parallelizable if and only if the following two conditions
are satisfied.

(3.1) (M) = x(M) = 0.
(3.2) There are elements x1, - - + , xs ©CHYM; Z;) such that x,+x:+x3+x4=0
and w;(]l[)=a.~(x1, e ,xq), 25154,

Proof. That conditions (3.1) and (3.2) are necessary follows immediately
from Corollary 2; we prove them sufficient.

Let ¢: M—Bsow be a classifying map for the principal bundle associated

(4) Clearly, every compact orientable manifold of dimension =<3 isline element paralleliza-

ble if and only if it is parallelizable. The Klein Bottle is an example of a nonorientable two dimen-
sional manifold which is line element parallelizable but, of course, not parallelizable.
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with the tangent bundle of M. As we saw earlier, M is line element paralleliza-
ble if and only if there is a map f: M—Bsgu such that yf~¢, where v: Bsg)
—Bsow is induced by the inclusion SQ(4) CSO(4). We now construct such
a map.

Pick elements y1, - - -, }s€ H*(Bsgu); Z2) such that 1+ - - - +y,=0and
Y*w;=0:(y1, - - -, ¥s). Since Bsgu) is a space of type K(2Z3, 1), we can pick
f: M—>Bggw such that f*y,=x; 1=<:i<4. Then f*v*x=0=x(M)=0¢*x,
f*v*p1=0=p1(M) =¢*p1 (since H*(M; Z) is torsion free and 2H*(Bsgw); Z)
=0), and f*y*we=0s(x1, - - -, x¢) =wa(M) =¢*w: 50, by [7] or [3], vf~¢ and
the theorem is proved.

We now describe the example. Let { = (M, w, T) be the nontrivial SO(3)
bundle over the two dimensional torus T with fiber S2. If a, bE H(T'; Z;) are
generators, then w,(¢) =ab and x () =0. To compute the characteristic classes
of M, we need the following.

Let £=(E, w, B) be an O(n) bundle with fiber S*~! and 7(E), 7(B) the
tangent bundles to E and B respectively. Choosing a Riemannian metric on
E, we can decompose 7(E) into a Whitney sum 7(E) =7,®7; where 7, is the
bundle of tangent vectors along fibers in E and 7, the bundle of tangent vec-
tors orthogonal to fibers. If £, is the n-plane bundle associated with £ and »
the trivial line bundle over E, one sees easily that(®) 7,®v =71, the bundle
over E induced from £ by . Since 7,=7"17(B), it follows that

3.3) 7(E) ® v = 7t & = 7(B).

Applying this to M, we have x(M) = p1y(M) = 0, wo(M) = w*(ab)
=z*(a)m*(b), and wi(M) =w3(M) =ws(M)=0. Since x({) =0, we know from
the Gysin sequence that n*: H¥*(T'; Z))—>H*(M; Z;) is 1-1 so wy(M) 0 and
M is not parallelizable. On the other hand, if we define xy, - - - , xs EHY(M; Zy)
by setting x1=7*(a), xe=7*(), x3=7*(a+0b), x4=0, we have x;+ - - - +x4
=0 and w;,(M)=0(x1, - - -, x4), 251=4. Thus, by Theorem B, M is line
element parallelizable,
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